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The sum 
 

  
 

 

  
 

 

  
  can be expressed as   

              

      
 

Here’s the tricky part, we try to rewrite the numerator and express the fraction as 

 
                             

      

 
                         

      

 

From the polynomial               we can find the following with Vieta’s formulas 
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Now the desired sum 
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Our answer is just  
  

  
 

    

The roots are just the    th of unity which form an octagon in the complex plane. The roots 

with positive part are:  

                       

    

The polynomial            can be rewritten as 

    

    
   

(recall the formula for the sum of a geometric series) 

The zeros of      is just the    th roots of unity. But we cannot have   roots since the 

original polynomial is of degree  . Why do we have   extra roots? It’s because the denominator 

is   at     and     . Our desired roots are just: 
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We are given that         is equidistant from the origin and   This translates to 

                     

                     
                       

               

 

This gives  

  
 

 
 

And it follows that  

  
   

 
 

     

First we rewrite the sum as 

    

   
   

This is just the   8th roots of unity, but    . 

A sketch of the region 
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The area can be computed with simple geometry to get   
    

 
 

     

Suppose the four roots of                   are           and   . 

Their reciprocals are 
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These reciprocals satisfy 
 

  
 

 

  
 

 

 
     

But this is not a polynomial, so we multiply by    

         
 

 
              

     

We know from Euler’s formula that 

                   

Suppose we take the imaginary part of both sides, then 

                                  

We can rewrite the integral as  

              

              

                
 

Integration by parts… 

            

 

  
       

   
 

 

 
  

       

      
 

 

Yields 
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